We investigate the Hamiltonian structure of linearized extended Hořava-Lifshitz gravity in a flat cosmological background following the Faddeev-Jackiw's Hamiltonian reduction formalism. The
The reconciliation of gravity and quantum theory, which is important to understand the very early stage of our Universe and the black hole, is a very challenging task in theoretical physics. Among the several proposals of quantum theory of gravity, recently Hořava [1] proposed a UV complete, non-relativistic gravity theory which is power-counting renormalizable giving up the Lorentz invariance. Since then, many paid attention to this scenario to apply to the black hole [2] , cosmology [3] [4] and observational tests [5] . In spite of its many appealing properties, it seems to suffer from many problems [6] [7] such as instability, strong coupling, renormalizability etc.
In order to alleviate the original Hořava-Lifshitz gravity's problem, in [8] the extended version of Hořava-Lifshitz gravity is proposed, in which the new degree of freedom by taking the spatial gradient of a lapse function is introduced without violating the symmetry of the action. They argued that the strong coupling problem of the scalar graviton mode in the IR limit would be solved. There still remains some debate on strong coupling problem in extended version as well as on the physical degrees of freedom [9] [10] .
In this paper, following the previous work [11] of one of the authors, we investigate the Hamiltonian structure of linearized extended Hořava-Lifshitz gravity in a cosmological background using the Faddeev-Jackiw approach [12] . First, we derive the quadratic action in the extended Hořava-Lifshitz gravity model and then obtain constraints and Hamiltonian.
Through the investigation of the Poisson algebra, the physical degrees of freedom are exactly counted and we analyze the Hamiltonian structures. Next, we obtain the equations of motion of the physical degrees of freedom and finally we briefly comment about the strong coupling issues in our case in the IR limit.
We consider the Arnowitt-Deser-Misner (ADM) metric which is given by
where N is the lapse function, N i are shift vectors, and γ ij is the spatial 3 metric. The
Hořava-Lifshitz gravity action in the ADM metric with a single scalar field is
The extrinsic curvature K ij and its trace are written in terms of the ADM metric (1) as
For extended Hořava-Lifshitz gravity [8] , the gravitational potential term V in the action (2) depends on γ ij , its spatial derivative and on 3-dimensional vector a i constructed from the lapse function N(t, x) as
which represents the proper acceleration of the vector field of unit normals to the foliation surfaces [6] . Under the anisotropic scaling transformations
the z = 3 theory in the UV is power-counting renormalizable, so the potential in the action (2) can have at most 6-th order spatial derivative terms. With these spirits, the gravitational potential for extended Hořava-Lifshitz gravity can take the form
where ξ, α, f n , g n are constants and ∂ 2 = ∂ i ∂ i . R and R ij are 3-dimensional Ricci scalar and Ricci tensor, respectively. Since we are interested in the linear analysis of extend Hořava-Lifshitz gravity, the only terms in (7) relevant to the linear analysis on a flat cosmological background are included [8] [13] . Most general gravitational potential form in extended Hořava-Lifshitz gravity can be found in Ref. [8] . It is known that the action (2) with the gravitational potential (7) is invariant under the foliation conserving transformations
The Z(φ) in (2) is the matter part potential constructed from the spatial derivative of a scalar field, which is given by
The superscript (n) denotes the n-th spatial derivative.
In order to derive the background and linear perturbation equations of motion by varying the action, we expand the metric and the scalar field to the linear order as
and
where the parameter a(η) is a scale factor and η is a conformal time. In this paper, we only consider the scalar mode perturbations.
From the linear order of the action (2)
where H = a ′ a and the prime denotes the derivative with respect to η, we can obtain the background equation of motion in a flat cosmological background
By expanding the action up to 2nd order in terms of the perturbed quantities, the quadratic action yields
where ψ is defined as
The quadratic action (16) is invariant under the foliation conserving transformation (8) , so the action can be treated as a constraint system. In a constraint system, it is important to classify the constraints properly and to count exact physical degrees of freedom. For this purpose, Faddeev-Jackiw approach [12] , in which the phase space can be reduced by solving the constraints and finally the quadratic action can be expressed in terms only of the true physical degrees of freedom, seems to be powerful for linear analysis and in this work we use it to analyze the constraint system described by the quadratic action (16).
First, the conjugate momenta for the canonical variables ψ, δφ and E are calculated by definition as
Using these conjugate momenta, the quadratic action (16) under the Legendre transformation becomes
where
As seen from (21), ∂ 2 β appear linearly without any time derivative, so its coefficient C 1 turns out the primary constraint which is expected to vanish. C 0 is, however, not a constraint [11] , even if Φ does not have any time derivative terms in the action, because of the Φ squared term, ΦΣΦ. Hence it should be determined from the equation of motion for the auxiliary field Φ,
Therefore we obtain
Following the Faddeev-Jackiw procedure [12] , we can reduce the phase space by solving the constraints (C 1 = Π E = 0), then finally we obtain the quadratic action including only physical degrees of freedom
There is no more constraint so we can not reduce the phase space further. As a result, we find that there are two physical degrees of freedom. This result is similar to that of the projectable version of original Hořava-Lifshitz gravity [11] , in which the lapse function N is a function of only time and C 0 is also not a primary constraint, so there are two physical degrees of freedom.
In order to compare with the conventional Hamiltonian formalism, we count the physical degrees of freedom from the quadratic action (21). From the beginning there are six canonical variables i.e. ψ, φ, E and their conjugate momenta and one primary first class constraint C 1 , so we have two physical degrees of freedom (= 1 2 (6 − 2 × 1)), that is ψ and δφ.
Next, we discuss the gauge invariant quantities under the coordinate transformations, In the Hamiltonian constraint system, the first class constraints play the role of the generators of the gauge transformations [14] . In the present work, because we have only one primary constraint, C 1 is the only generator of the gauge transformations. Hence given perturbed quantity f , we can calculate the gauge transformation as
where the subscript P denotes the Poisson brackets. We find that ψ and δφ are the gauge invariant quantities themselves (δ ξ ψ = δ ξ δφ = 0) and E is a pure gauge mode (δ ξ E = ξ).
The Hamilton's equations are
The second order differential equations for δφ and ψ are obtained from the Hamilton's equations (31)-(34)
Here, from (27) Φ becomes
with the functions defined by
Finally, we briefly discuss about the strong coupling of the scalar graviton mode in the IR limit. In the IR limit where the spatial derivative terms can be neglected, Σ and A are negligible, so we get a relation D 1 ≃ −D 2 . The Lagrangian density of the action (28) then
In a general flat cosmological background, the scalar graviton mode ψ is found to be coupled to the matter such as ψ ′ δφ ′ and δφψ ′ . In addition, in the limit of λ → 1 the coefficient of ψ ′2 is finite, so the scalar graviton mode turns out to be propagating mode.
As a special case, we consider an inflationary accelerating background. By taking the slow-roll approximations (φ 2 0 ≪ H 2 ∼ κ 2 V,φ 0 ≪ 3Hφ 0 where H =˙a a and dot is a derivative with respect to t), D 2 and D 4 approximate to
The Lagrangian density (44) then yields
We ignore the coefficient of the term ψ ′ δφ ′ , because
Thus, the scalar graviton mode ψ decouples from the matter field completely and is also non-propagating mode because no kinetic term of ψ exists.
Although we discuss about the strong coupling in the IR limit when λ → 1 at the linear order, in fact it seems to be necessary to go beyond linear order to tell whether a mode of interest is strongly coupled or not [4] , which is out of the scope of the present paper.
In this paper, we have investigated the Hamiltonian structure of the extended version of Hořava-Lifshitz gravity in a flat cosmological background using Faddeev-Jackiw approach at linear order. The gravitational potential in extension of Hořava-Lifshitz gravity depends on 3-dimensional vector field a i constructed from the lapse function N(t, x) as well as on 3-spatial metric γ ij and its derivative.
Since the quadratic action includes Φ 2 term, C 0 , the coefficient of Φ, is not a constraint, even if Φ does not have any time derivative terms in the action. This implies that Φ could be determined from the equation of motion. As a result, there is only one primary constraint, C 1 , so we have two physical degrees of freedom and one of them corresponds to the scalar graviton mode. This Hamiltonian structure is similar to that of the projectable version of original Hořava-Lifshitz gravity [11] in which the quadratic action includes Φ 2 terms and C 0 = 0 in a flat background so there are two physical degrees of freedom.
Further, we have found that in a general flat cosmological background the scalar graviton mode is coupled to the scalar field and is propagating mode in the λ → 1 limit. But as a special case, in an inflationary background with the slow-roll approximation, it can be decoupled completely and corresponds to the non-propagating mode. But the linear order perturbations are not enough to talk about the strong coupling issues, so it would be interesting to go beyond linear order in order to tell whether the mode is strongly coupled or not. And although the linear instability issues (see Ref. [4] for a strong coupling and a linear instability in original Hořava-Lifshitz gravity for a cosmological background) are not treated in this paper, it would also be important questions to be answered in the extended version of Hořava-Lifshitz gravity. 
